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The authors consider the s ta t ionary solution to a one -d imens iona l  

process of ga s -mix tu r e  combust ion;  the usual assumptions dea l ing  wi th  

t he rma l - conduc t i v i t y  and t he rma l  diffusivi ty coeff ic ients  and reac t ion  
ra te  are  used. 

Despite current opinion that  the s ta t ionary solut ion is unique (this 

is supported by a uniqueness proof of the  some par t icu lar  cases), the  un ique-  
ness p rob lem is s t i l l  unsolved in  the genera l  case.  In this a r t ic le ,  by 

construct ing a contradic tory  example ,  we show tha t  uniqueness does 

not exist  when usual restr ict ions are followed. As a result  of this study, 

i t  is shown tha t  i t  is possible to choose the reac t ion  rate  and t h e r m a l -  

conduc t iv i ty  and diffusion coeff ic ien ts  as functions of t empera tu re  so 

that  the  combust ion- theory  equat ions have  at  leas t  two solutions 

sat isfying a l l  the s ta ted condit ions.  

w The s ta t ionary solution to gas -mix tu re  combust ion in  one d i -  

mens ion  [1] is described by 

. . . .  + P (~) c, 
@ u~ L @, ( i . i )  

) ~  d r dcG 
<,m = ~ l ~- (<') ~ l -  F (~,) ~,  

for the conditions 
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;~ ( - -  oo) < ;~ (~0 < ,  (~ )  _ 0 , ~ ( - - o o )  = u 
c ( - - c c ) > c ( y ) > c ( o o ) = O ,  c ( - - o c ) - - % > O .  

The number u_ < 0 has previously been specif ied.  Here u is the 
mix tu re  t empera ture ,  c is the concent ra t ion  of a c t i ve  ma te r i a l ,  F(u)c 

is the r eac t ion  rate ,  F(u) -=- 0 for u G [u_, uc], F(u) > 0 for u > uo, 

az(u ) > 0 is the t h e r m a l - c o n d u c t i v i t y  coeff ic ient ,  c~2(u ) > 0 is the 

diffusion coef f ic ien t ,  and k = const > 0. 

The first t e rm in  (1.1) has an in tegra l  from which i t  follows tha t  

co~ -- u _  , 

It is easy to show that  u '(y) ~" 0; therefore,  by tak ing  u as the in -  

dependent  var iab le ,  (1.1) can  be represented as 

~, . . . . .  ;,~ ! (u)c c = - -  - - ,  ( c - r  u )  - -  t 
D i '  

for condit ions 

v ( u )  = O, v (0) = c (0) = O. 

Here 

v ( u ) = % ~ ' > O ,  % l < ' b O = / ( @ ,  ~ l / a ' ~ = ~ ( u ) >  O, 

Extensive study has been devoted to the ex is tence  and uniqueness 

of system (1.2)-(1.3) .  In the genera l  case, the uniqueness of the solu- 
t ion is s t i l l  an unsolved problem.  Recently,  the authors proved tha t  i t  

is possible to choose functions ~(u) and IS(u) such that  (1.2) has a non-  
unique solution [2]. In [3], i t  was shown that  when 6 m eonst, solutions 
to (1.2) exis t  for a l l  g > 0 and unique for a l l  15 > 1. It is c lear  tha t  the 

methods used in  [3] can  also prove uniqueness for the var iab les  fi(u) 
g iven  the condi t ion  tha t  Is(u) >- 1 for a l l  u. Thus, uniqueness of the 

solut ion for 15 - const < 1 is s t i l l  an open problem.  
In this  a r t i c l e ,  i t  is shown that  for a l l  fi = coast s (0.1) we can 

choose an :f(u) sat isfying the above condit ions so that  (1.2) has at  least  
two solutions. It is also shown tha t  :f(u) can  be made  continuously 
d i f fe ren t iab le  any  previously speci f ied  number of t imes .  * 

Evidently,  a s imi la r  cho ice  of ~(u) is also possible for any var iab le  
15(u) whose values  are less than  unity for some u. Thus, for Is(u) ~- 
~- coast < 1 or va r iab les  Is(u) not satisfying inequa l i t y  $(u) >-- 1 for 
some u, uniqueness is defined by function ] (u )  and requires spec ia l  

study for each  par t icu lar  case.  Physical  r e a l i z a b i l i t y  of funct ion ] (u )  

is not considered in this  study. 

Fig. 1 

Lemma 1.1. Assume the fol lowing d i f f e r en t i a l equa t i on i s  spec- 
i f ied.  

y ' = q ~ ( z ,  y . . . .  ) .  
(1.4) 

The r ema in ing  functions in  the system are described by the dots 
(Fig. 1 if  the g iven  equat ion  is not independent .  Let some l ine  y = 

= y(x) be specif ied.  

We in t roduce  the  fol lowing notat ion:  ordinary de r iva t ive  Y'(x) 
represents the natura l  slope y(~0" and the t e rm ~ x ,  Y , . . .  ) represents 

the  slope of the  in tegra l  l ines  y1, .  It is c lear  tha t  i f  there  are no 

singular points on some in te rva l  (a, b) and y(O)' > y v ,  for mot ion  

from r ight  to left ,  no in t eg ra l  curve in  (1.4) can  intersect  the l ine  

Y = Y(x) from below. S imi lar  facts c a n e a s i l y  be es tabl ished for mot ion  

along the  in tegra l  l i ne  from lef t  to r ight  and for an inequa l i t y  with the  

opposite sign. 

Consider (1.2) and the l ine  e = --u for u < 0. Then, for 15 6 (0.1), 
we have  c ~ = --1,  and d '  ~ - -~ > co0)'. 

As wi l l  be shown below, c 'O)  > --1. Since c(0) = 0, there  exists a 

le f t  semineighborhood of point  u = 0 in  which c(u) < --u. Therefore,  

for mot ion  from right  to le f t  from any point in  this semineighborhood,  
the ind ica ted  inequa l i t y  holds unt i l  v(u) > 0. According to (1.2), 

(1.~) 
c ' (u)  < 0 ,  u < 0 .  

We now have  c(u) > 0 for u < 0. By a l lowing for the obta ined in -  

equa l i ty  i t  is easy to show that  when u < u 0 we have  v(u) > 0 for a l l  u 

for which ;C(u) ;* 0. 

w We now construct an example  of nonuniqueness when function 
] (u )  is  continuously d i f fe ren t iab le  any previously specif ied number of 

t imes ;  here  jC(u) ~- 0 for u fi [u_z, u0] , and ] (u )  > 0 for u > u 0. Let any 

IS ~ (0,1) be specif ied.  We then  have :  

Lemma 2.1. Let m and M be numbers sat isfying inequa l i ty  M < 

< m < 0 a n d  

](o) = (~, - -  m)mQ, 11 = (~ - -  3'I) Mq , 

Q =- (M - -  ~,I3) / (k - -  M)t3, (2.1) 

Then: 

(1) If 

0 < Do> < / 1 .  (2.2) 

/~o) < / ('0 < I '  (2.8) 

on [1, 0] then1 on [ - 1 ,  0] we have  

Mu < v (u) < , , , ,  q - ' ,  < <,. (~) < Q-~, . (2.4) 

* Construction of an example  of nonuniqueness can be made  m u c h  

s impler  i f  ;~(u) is p ieeewise -cons tan t .  

1- We can t ake  any nega t ive  number as the lef t  boundary of in te rva l  

i - i ,  0]. 
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Proof of (3.). From (2.1) i t  follows tha t  

0 < ( k - - m ) / ( ; ' ~ - - M ) < l ,  0 <  

< m ( M - - L ~ )  /Q 3 f  (m -- s 

which in  turn yie lds  (2.2). 

(2). The point  u = 0 is a singular point  for (L2) ,  in  view of (L3) .  

Applying L'H~Spitat's rule  we obta in  a system of equat ions for f inding 

v'(0) and c'(0).  This las t  equat ion  leads to the Coulomb equat ion  in  
v'(0). Two of i ts  roots (posit ive) are not consistent with the phys ica l  
sense of the problem [3]. The remain ing  roots are g iven  by 

0" 10) --,i.. [k~ - -  gk"-~ '~' -I- 4 / ( o )  ~ < o, 

," (o) = N k  - ~' (o)1 I , '  (o) - -  kf~ -~ . 

using (2.3_) and the upper bound (2.3) we have  

v" (0) > k~ -V  k2'~ ~ -;- 4 ('i'~ -- ~ll) .:Ilq . 

Using (2.1) and lower bound (2.3) we have  v'(0) < m. It is also 
easy to ver i fy  tha t  

Q-1 < c '  (0) < q 1. 

From the inequa l i t i e s  obta ined for c ' (0)  and v '(0)  i t  follows tha t  
there  exists a le f t  semineighborhood of point  u = 0, - / x  < u < 0, in  

which (2.4) holds. We shal l  prove tha t  (2) of this l e m m a  is satisfied.  
I fA  >_ 1, i t  is c lear  tha t  (2) i s t r u e .  L e t G < k .  

Consider the region (Fig. 3-) 

D { - - I ~ u G A ,  M u ~ v ~ m u ,  q-~u<~c. . .~.  Q In} .  

h is easy to verify tha t  i f  (2.2) holds, we have  the fol lowing ex-  

pression for point  (u, v, c) fi D: 

v' ( u ) , (  m for v =  mu,  d (u) > M for v - -  M u ,  
c ' ( u ) >  Q-~ for c =  Q-~u, c' (u) < q-~ for c -  q-~u.  

Note that  e is conta ined  in  some in te rva l ;  therefore,  the sl ipes 
v '(u)  and c ' (u)  (shown in Fig. 1) of the in t eg ra l  l ines  for vz '  v = mu, 

v = Mu, c - q-au, and c = Q-~u, corresponding to the above inequa l -  
i t ies ,  should not be t rea ted  as being uniquely  defined.  Now, on the 

basis of Lemma 3-.1, i t  follows tha t  (2.4) holds on I - - l ,  0]. Lamina  2.1 

is therefore  proven. 

Let kl ,  )'z, and m~ be any numbers sat isfying the inequa l i ty  

Let m 2 be the nega t ive  root of 

.~ (,~r - x,~) = ~ z  (m~ - k ~ ) .  (2 .~ )  

Its ex i s t ence  and uniqueness are c lear .  Convert ing (2.5) we obta in  

m i - -  rn, = --ml~ (Le--ki) / (m i + m e - -  Lo~). 

It now follows ~hat m 2 < m i.  

We choose any M~ fi (rex, mz). Final ly ,  Iet  M1 be a nega t ive  root 
of the equat ion 

M~ (Mr - -  k ~ )  = M,  (M~ - -  ~ ) .  
(2.6) 

Since M z<m z <0, 

Mz (Me - -  Lz[~) > rn~ (rn~ - -  k ~ )  . 

NOW, ill turn, 

Mr(M~--~)>m,(m~--k~), or Mr<m,. 

Thus, we have  

M r < m r% M ~ <  m ~ < 0  (2.7) 

Consider the in tervals  f~o), and /i ~ ( ~ - -  1,2), where 

/~o)= (~i - -  mi) miQi, /i '  = ()~i - -  Mi) Miqi  �9 

The fact  that  each  of these in tervals  is not empty  follows from (3.) 
of Lemma 2.1. We shal l  show tha t  their  in tersect ion is also not empty.  
To do this, we consider 

/~~ = m i M  i. 

,(o)t 1 = d 2 From (2.5) and (2.6) i t  follows that  /~)/11 -- /.z J~ ~ 0 We 

now have  

d ~ (/~o), 17), d ~ (/~o), / , ) .  

Therefore,  the in tersec t ion  of (f~ll), f11) and (i~o), j ' l )  is not empty.  

We le t  (rio)* ]~*) be the in tersec t ion  of the ind ica ted  intervals .  Let 

f (u)  by any function such tha t  for u ~ [--1,  0], 

/ (u) ~ (I(:~)*, p * ) .  (2.8)  

Applying Lemma 2.3. for k = )'i (i = 3., 2) we obtain inequa l i t i e s  for 

vi(u ) and el(u) on (--1,  0). We shall  g ive  those inequaLt ies  which wi l l  

be used below: 

L, 2 ( - - t )  < - -  M2, - -MI  > vr ( - - i )  > - -  mr ,  (2.9) 
e2 ( - -1 )  > - -  q -1  > O, ci ( - - t )  < - -  Q1-1. 

w In this sect ion we shaI1 consider the solution to (1 .2)-(1 .3)  for 

)' = )'z on (u2, - 1 )  where u2 = --1 + M2/~,.2, assuming (2.8) is satisfied. 

From (3..5) i t  follows that  

*'~ (u) < 1 - -  M~ / k2. (3.i) 

We choose any e > 0 and n > 3.. The importance of n will be shown 

at the end of the section. We construct 

c ~ * = : e + L ~  ( u @ i - - " ~ ) ( f  t - ~ ) - -  

8 ( u @ l - - M . / L e )  n. 

We can verify that  the function v~(u) possesses the fol lowing prop- 

ert ies:  

v~* (,,) > 0, v~*'(u) < k~, v,,* (,) ~ G (u -- ,,2) 5 e, 
(3.2) 

v2* ( - - t )  = - -  3./~ 

Let, for u ~ [u2, - 1 ] ,  

/ (u) ~ (0, ~ (n)), g (u) = (kz - -  v'~*') vz*/( ' l  --  :]4"~/k)2 . (3.3) 

From the obtained propert ies  for v~(u) i t  follows that  the in terval  for 

j (u )  is not empty  for u ~ Inn, - 1 ) .  We shal l  show that  for u fi [uz, - 1 ) ,  

v~ (u) < v~* (u). (3.4) 

In fact ,  according to (2.9) and (3.2), 

v~ ( - - i )  < - -  M2 = vz: ( - - ~ ) .  

Moreover, consider v~(u) in the f ie ld  of in tegra!  li;~es (t .2).  We 

have  

~:~*"" = kz - -  / (u) c~ / v~* > vz*' = , ,o, 

according to (3.2) and (3.3). Applying I e m m a  1 . i ,  we obtain (3.4). 

Using (3.2), we obtain 

v2 ( u ) <  e + G (u - -  u~). (3.5) 

consider the second equat ion  in  (3..2) for ), = )'2 and a l low for (8.5): 

la ~ - k K - - -  u2) j '  

Upon convert ing this equat ion to 

[hi  (% + u e - - ~  /)~2)]' ~" [ In (~- I -  e / 2 ,  2 - -  r @ ' ~ l  ' 

and in tegra t ing  from u2 to --1, we obtain 

Here, c ( - l )  > 0. Allowing for (3..6) we obtain for a l l  u --~ .u 2 the 
solution 

1 2 5  



i n d e p e n d e n t  of the  stil l  unspec i f i ed  va lue  of  t ( u ) .  

Remark.  For u = - -1 ,  i t  fol lows f rom (3.3) tha t  

, . . . .  ~2%(n <- t) 

C lea r ly ,  we can choose an n > i such t ha t  

2 U,s - -  Mo_) 

The  last  f a c t  m a k e s  i t  possible  to " j o in"  t oge the r  (2.8) and (3.3) at  

po in t  u = - - l .  

w Now cons ider  the  so lu t ion  to ( 1 . 2 ) - ( 1 . 3 )  for k = k i on [u0, - 1 )  

where  u 0 = - - i  + m i X >  

in v iew of (2.7), we h a v e  u 0 < us. No m a t t e r  wha t  t he  va lue  of  

;f(u) on (u0, uz) ( excep t  for t h e  f ac t  tha t  i t  mus t  not be  nega t ive ) ,  v i  i -< 

< - X  i. 
Accord ing  to (2.9), we h a v e  the  fo l lowing  express ion for u -< --1:  

(4 . i )  vl (u) > ~'l (u + 1) - -  mi 

arid, in  turn ,  
mt - r  l )q \ ; 

h - " ~  ~ ..... (~ >,, \'h el,>> > ~ 
I--  

In view of  (1.5) we o b t a i n  0 < el(u) < C~ (~ for a l l  u fi (u0, 0). 

We shal l  show tha t  i t  is poss ible  to choose  numbers  ki,  X2, ml ,  Mz,  

and 8 wi thout  v io l a t i ng  previous ly  cons t ruc ted  r equ i r emen t s  so tha t  

~s S CI((;) < )~i.vcs(o) (4.2) 

We choose  any  m i and X i > O. Consider  t he  aux i l i a ry  express ion 

lira (L~ --- 2~)~ [LQLt -~- L~L~ - m~ (,~oz ~ -i- ?@-~ --i- ?'.C')] (?',~3 - m,) 
>.~>,,+o - -  m,i (t,~ - -  yn~)/., ' 

. . . .  O .  

There fo re ,  t he re  exists ask z �9 X i such t ha t  

or,  a f te r  some  t r ans fo rmat ions ,  

),~ > (l -- m~ / L~) [ i  + mx (i ~ )~d),2) '~; (MS - m..,) -~ 
k~- t - -  m ,~ /kz  

Moreover ,  cons ider  

lira [ l  -~- rai (t -- Ls] ~,~)5 (~,v,3 - -  m!) -~] (I -- m) / )<) )o-. 

s q- L2 - -  Mo_ @ (k~zt,_, - -  a) el:' [8 - -  s (I -{- ua) '" 
(z ~ 0 @ 0), 3Iz --> ~Iz~ @ 0) 

There fo re ,  t h e r e  exists  an  �9 > 0 and  M 2 (2 (m i ,  ms) such  t ha t  for 

spec i f i ed  rex, X x, and X z we h a v e  (4.1). 
w We now find the  upper  e s t i m a t e  for Vx(Uz). Acco rd ing  to (4.1), 

v i (u) > )~i ~1//2/~= -- mi �9 

Now, f rom (1.2), 

L~ sup {~ (u), 61(~ 
r (  > s -- ~iM~. -- rnTZ,~ __ h, u ~ [u~,,-- 1) , 

and ,  f rom (2.9), 

v~ (u~) ~ t i  ( H  = hMsXs  - i  - -  M1).  (5.i) 

w Thus,  as a resul t  of  the  above  cons t ruc t ion ,  i t  is c l ea r  t ha t  on 

[u 0, us], 

0 < cl (~) < q (o )  cs (u) > Cz (~ > O, Cs (~ s > C1 (~ s , 

where  no res t r ic t ions  on  imposed  on the  cho i ce  of  J(O) for u fi [u 0, u z) 

e x c e p t  t ha t  i t  is not  be  n e g a t i v e .  

1 2 6  

In this sec t ion  we shal l  show tha t  for some added  res t r ic t ions  on 

] ( u )  and  for u ~ [u0, uz), 

vduo)/  vl (uo) > ~2 / ~1 - (6.1) 

We e s t i m a t e  vz(u) f rom below.  Let 

6 ~ (0 ,1 /2  (us - -  uo) , k s > 0 ,  

and  le t ,  for u 6 [u 0 + 5, u 2 --  6],  

f (u) > Xs ]/-2k,. (Uo - -  u~. - -  26) C~. (~ + k2 = I. (6.2) 

For the  s ame  u, cons ider  

V2 (u) = i /r__ 2ksC.o(o ) (u - -  uo. + 6) 

in  the  f ie ld  of  i n t e g r a l  l ines (1.2) for X = X z. Here  

V2 (~ = - -  ksCs (~ Vs -I ,  V2 I" = ~,s - -  l (u)Cs (u)Vs -~ . 

Then 

v.,0' - -  V,}' = - -  ;,2 § V (  1 (u) [ / ( u )  Cs (u) - -  k~.C~ (~ > 

> - -  L., [ - -  1 @ r - -  2ko.C~ (~ (u - -  uz -[- 8)] V,. "-i (u) = 0 

S ince  Vs(u2 --  6) = 0 and  vs(u2 - 6) > 0, a c c o r d i n g  to 1 e m m a  1.1 

for u ~ [% + (5, u2 - -  5], we h a v e  

v~ (u) > vs (u) 

In p a r t i c u l a r ,  

v - _ ( u o + 8 ) >  ] / - - 2 k o . C 2 ( ~  for U = U o + 6 .  

Moreover ,  for u fi [u 0, u0 + 6), we h a v e  

v ( ( u )  < ~ s ,  

s ince  J (u )  is not  nega t i ve .  We now ob t a in  

v,. (uo) > V - 2ksc.- (~ (uo - ~  + 26) - ~0.6. (6.3) 

Let some k 1 > 0 be  spec i f ied  and  le t  

] (u) < ki  (6.4) 

for u ~ [u 0, us). 
The  e s t i m a t e  f rom be low w h i c h  must  be  app l i ed  to k i in  order  tha t  

the  las t  i nequa l i t y  not  con t r ad i c t  (6.2) wi l l  be discussed la ter .  

We now e s t i m a t e  vl(u) f rom above .  To do this we consider  the  

aux i I i a ry  func t ion  

v~ (~) = l f  H'- - -  2kiCk. (~ ( u - -  u~) 

in  the  f ield o f  i n t e g r a l  l ines (1.2) for X = k i.  We now have  

V1 ~ = - -  k lC i  ~ V1-1 < Xl - -  I (u)C1 (u)V1-1 = V~ '  . 

Accord ing  to (5.1), 

vr (us) < H = Iq (us) .  

Now, a c c o r d i n g  to  l e m m a  1.1,  we have  vi(u) < Vi(u) for u 6 [u 0' 

uz]. In p a r t i c u l a r ,  

vi (Uo) % V1 (Uo) == V H "  - -  2kxC1 (~ (Uo - -  us). (6.5) 

We shal l  p rove  the  ex i s tence  of k i and  k 2 such t ha t  

] / r  - -  2ko.C~J~ (Uo - -  us -}- 26) - -  L26 ~s (6.6) 

> ~ q T "  
V Ir - -  2/qC~ (~ (uo - -  u2) 

The  first i nequa l i t y  ensures tha t  a n  f (u )  sat isfying both  (6.1) and 

(6.3) exists.  We choose a suff ic ient  sma l l  6 and a 0 i such t ha t  

(~ = Cs (~ Xa ~ (u~ - -  us + 26) [Ci (~ ~i s (u2 - -  uo)] -t > t ,  



�9 . . . .  , . . . . . . .  , ,  +1 }_g 

Fig. 2 

0t  ~ ( l ,  a). 

We set k I = Ok 2 and show that for sufficiently large k2, Eq. (6.6) 
will be satisfied. Consider 

lira ]/--2k'-'(7~"(~176 u~'+ 26)--),e5 s [ 0  )'~ ].., 
~ ( 0 ) , ,  = ~  0 ;  > ) , ,  , 

a-., : ~.., K~7;,. .  (,,,, - -  ,,e 25) (c~. (~ 1 
j.~+~ Od,.., ~ 0,- < 1 . 

Thus, for sufficiently large k2, inequality (6.6) is satisfied. Equa- 
tion (8.1) now follows (6.3), (6.5), and (6.6). 

w Figure 2 shows all inequalit ies satisfied by ~(u). Clearly, we 
can construct a function f (u)  satisfying all of the indicated inequalities, 
which is continuously differentiable any specified number of t imes, 
and which becomes zero for u = u0 upon contact with any previously 
specified order. As was shown, the solutions vi(u), ca(u ) and va(u ) to 
(1.2)-(1.3) corresponding to k z and X~ satisfy the inequality 

0 < q (,o) / X~ < ~., (tt,,) / X,. 

We choose any 

q ~ ( q  (u0) / )q, ~:, (,L~,) / )ta) . 

We set u_ = u  U - q .  Then 

~'.L (,,, - -  t~ ) .> ~'1 (,,,L 
X~(.~, - ,~ ) < ,,~ (,,,,). 

w Using a method similar to that used in [8] for proving existence 
of a solution it is easy to establish that )v 0 6 (0.2,,) and Xa 6 (X2, ~) 
exist such that 

L, ( - , ,  - -  u ) c,, 0',,), }.;, (,~,, - -  . ) , .  (,~,). ( 8 . 1 )  

Here v0(u ) and v a (u) are solutions to (1.2)-(3..8) for, respectively, 
X u and X a. 

For u ~ [u_,uO, we have f(O) ~- O; therefore, v~ = k i and, con- 
sequently, it follows from (8.1) that (1.8) is satisfied for t = 0 and i = 
= 3. Thus, we have proven that there exist at least two solutions to 
(1.2)-(3..3). Note that it is more convenient to vary the point u 0 rather 
than the quantities X, and k 2 when constructing an example of non- 
uniqueness for the piecewise-constant  function j(u) .  
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